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Physics on three different scales

f ® Micro-physics (Pair size) L1 ~ &, A ~ 10-100 fm
® Mesoscopic physics (vortex size) Lo ~ d,, ~ 1073 cm
® Macrophysics (star size) L3 ~ R ~ km

® Thereis a of scales hierarchy L; < Ly <« L3

Todays topic is the relation

— Macro < Observations

from compact star rotational dynamics.

.
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Microscale physics

-

At low temperatures T’ < T.. ~ 10° K neutrons and protons form
Cooper pairs (super-fluidity, -conductivity).

Low density/energy order parameter (1S, partial wave)

A = —io, 1{y(z)i(a)) = —io, (" (2)p7(2")) ~ 1 MeV (1)

High density/energy order parameter (° P, partial wave)

A

A = o 1W(z)(x)) = o, 1T ()T (z") ~ 0.1 MeV (2)

Color superconductivity - 2SC, LOFF, CFL etc: gaps are by 1-2
orders of magnitude larger
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Meso-scale physics

® Long-wave length behavior is described by two fluid hydrodynamics:

(one-component neutral fluid)

PZPS+PN7 ?75'7 ?7N

(independent)

® Superfluid is characterized by a single wave-function

$(E) = f(@)e?, @) = ps, Ts = —

h

m

Vo(z)

-

(3)
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.

® except when rotated with €2 > Q.,, quantized circulation!

-

S 9 S
V X g = ih, / Cai= 2T (6)

m m

® (Concept of vortex (Feynman-Onsager, Abrikosov)

Ginzburg-Landau eq. for f(r) lead to:

d’ f lﬁ_i 3 B C¢ (<1,
a T @l o=l f(o{1<2<2>1 ‘oo

where ( = z /&, and &, is the size of the vortex core.

® \ortex velocity (axially symmetric solution)

h -~
Vs — —gb (8)
mr J



Including electro-magnetism

-

® gauge invariant superfluid velocities

h 2 -
ig = —vo— 224 (9)
m mc
® \ortex solutions
ﬁxv :—VSZ(S(Q):Z Tp) EE WDy, (10)

mc

® FromV x B = (47/c)js and js = nets follows the London equation

B+ XV xVxB=>d,0%7—-z,) (11)

A - penetration depth, ®, - flux quantum.

o |
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Isolated vortex solution

h R
vg = — K (g) o, K (f) ~ exp (—Z> for r> A

A A

m\

Current is screened beyond the penetration depth !

Two type of proton superconductivity (in analogy to ordinary
superconductors)

— type I superconductivity

— type 1I superconductivity

different response to the magnetic field !

-

(12)
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Vortex structure for type-ll and domain structure for type-I

Vortex structure Domain structure

® For type-ll the vortex number is n = B/®,.

® For type-I the ratio of domain surfaces Ss/Sy = B/ Ho.
The size of domain is not determined and depends on nucleation
history

o |
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Macroscopic rotation of a superfluid

o N

Macroscopic rotation of a collection of vortices mimics rigid body rotation
vs = Q x 7 following from min[E — L - €]

Neutron vortex density (and €2 — redistribution of vorticity)

~2m, Q2

L R (13)J
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Coexisting superfluids and superconductors

f 9 Type-ll T

;\9 > \2, n, = cl% ~ 10%cm ™2, Z—Z ~ 1013 (14)
interactions vortex-vortex (generally at an angle) + electron fluid
® Type-|
i < L, np unknown, domains carry field H ... (15)
& V2

interactions neutron vortex - normal domain protons + electrons

® But, the physics of at macroscales can be worked out without explicit
reference to the mesoscale physics, just in terms of a few
phenomenological coefficients.

o |
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Minimal superfluid hydrodynamics

-

® Friction force

F :-—px(ﬁxA@}—ﬁ[

.

® Euler equations (Newtonian dynamics)

-

—J§ﬁp—mﬁ¢+F, (16)

~=5Vp — pn Ve + iy Ay — F,

[Qx@ﬁ—@—ﬁxAm”

A9+ 97 300 — s~ 9 x 49)].

(17)J
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® \ortex line velocity
T =0+ V X AT+ 3 (On — 05 — V x AD)
+ﬁ{&x(5N—ﬁs—ﬁxAﬁ)] (18)
® Force balance equation
0 [(175 LV x AT — @) x @}
—n (U —UN) + 7' [(Ur — ) x V] =0, (19)

® Dimensionless drag-to-lift ratios are the key parameters:

(=—— (= (20)

o |
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Evidence for S-fluidity: Glitches and post-glitch relaxation

-

Short time-scale (unresolved) jumps: AQ/Q ~ 10~° and AQ/Q ~ 1073
followed by slow relaxation.

CORDES, DOWNS, AND KRAUSE-POLSTORFF
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Vortex dynamics theory predicts exponential relaxation which depends on
the (density dependent) lift-to-drag ratio ¢, whereby 7 = (1/2) [¢ + ¢ *]

(limits!)

CORDES, DOWNS, AND KRAUSE-POLSTORFF
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Fits to the data allows to identify relaxation time scales

Is;
V(t) = Vy — @t — 5 (@Tz — AV57;> (1 — €_t/7—i) (21)
To - I. \ 19
I p —t/T;
v(t) = D S~ Avg; ) & (22)
70 — I. \ 70 Ti

1

Unfortunately there is a degeneracy in the interpretation: the strong and

weak coupling theories can equally explain the data! But precession lifts

this degeneracy!

o |
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Precession in PSR B1828-11 (data from I. Stairs et al)

o N

At (ms)

AP (ns)

<S>

49,500 50,000 50,500 ST,OOO
Modified Julian Date

Arrival time residuals, period residuals, and pulse shape parameter

(S = 0 narrow, S = 1 broad). Oscillations with 250, 500 and 1000 days

o |

.= p.17/29



Classical precessing body

Ligrone 1,1 b ceslanl sosrles 1o amee pracessicn, Lo syorcody a0 8, sl
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chesat F oot appeessimchaly o spie froegis ey

How superfluid interiors modifies the precession dynamics?

o |
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Precession in a two-component star

o N

® Divide the star into multiple shells with fixed moment of inertia and
the drag-to-lift ratios ¢, ('

® Solve the problem for a single shell; add further shells

® [ocal hydro equations are then integrated over a given shell:

Icr ’ ch S A
d( dt ) — [sﬁQs(Qs — ch) ’ (5 + Qsﬂs) —+ [sﬁ/(ﬂs X ch)
= —Ng — N@/ (23)
dQ, . ,
Is dt — T sﬁQs(Qs T ﬂcr) ’ (5 ‘|_ ﬂsﬂs) _|_ Isﬁ (ﬂcr X Qs)
= Ng + Ngf, (24)

where 3 and 3’ are a different set of coeff. related to ¢ and (’.

Lmodel by Sedrakian, Wasserman, and Cordes (ApJ 99) J
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Small amplitude solutions

— classical precession mode

T —
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LPrecession modes as a function of the lift-to-drag ratio J
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o N

® Other factors as multiple shell, external torques, etc do not change
this conclusion.

® We see that large ¢ exclude precession, observation of the
precession discriminates between weak and strong coupling theories

Our conclusions is a no-go theorem for precession:

Precession is impossible if there is a superfluid shell inside the star with drag-to-lift ratio
¢>1

Most of the theories (vortex creep in the crust or vortex cluster friction in
the core) predict strong coupling, i. . no precession.

o |
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Alternative: Tkachenko modes

First suggested by Ruderman in 1970 in a short letter to Nature, but no

detailed studies in the context of neutron stars:

Jj

o + (20 §) + Vi + 0 + VP + oV = 0,
ow o
(20 -2 f =0
5 T (28 x W) . ,
(9VS Oe 6P -
Sy (2x =)+ — = 0
8t+( xat>+p+v¢ ,

the vortex elastic force density defined is

L. 92
o = [i§ [ZVJ_ (VL 6)} - 29)\0—;, A = (hps/8mn)n (b/a)

where ug = psh§2/8my is the shear modulus vortex lattice.

-

(23)

(26)

(27)
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The Newtonian gravitational potential satisfies the equation

V¢ = V?(¢s + dn) = 4G (ps + pn), (29)

The stress tensor

% .
Tik = —1) (viUNk + Vion; — g(sikv ' VN) : (30)

where n is the shear viscosity. The mutual friction force is

f = Bps [n X [w X (% —VN>” + B'ps [w X (% _VN>] ; (31)

where n = w/w, w is the quantum circulation

|
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Perturbation equations

-

Transverse modes satisfy
ﬁjtzﬁwt:()

The perturbation equations

07i .
E;t + (2€lmnﬂm]n + o] + kalm)Pi — 07
ow; o
2 anm n— Pz — 07
5 + (2¢ w py f1) P
anZ‘ aen
2€1mn S 2m—PF;; = 0
or Y at

where the projector P;; = 6;; — k;k;/k?, k is the wave vector.

.

(32)

(33)

(34)

(35)

|
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Secular equation

|7Perturbations as j;(t) ~ j; e**P, leads to det ||K;;|| = 0 where

( p—nad (ysh—1)

o | dtrsg Pl
1] ~ ~
—Bg —f5*h
\ 5y Bh

—1nysad
YSTYNY
p+ B(d+yng)
B*(d + vn9g)

—¥sYNh \
—17Ys
—B*(1 —ynh)

p+B(1—nh)

where yn/s = pn/s/p, dV/? = cos 0, 3* =1 — ', 7 = nk2/(2Qp),
a=(4-d)/3,3=~y'4,and 3 =55 and

k2
- 402%pg

9

s —d(ps —2QN)],  h

k2
402

(s — d(ps +29QN)] .

The (real) eigenfrequencies of these modes in units of 22 are

\— P1

£id'2, pr=Fi(d+g) (1= m)],

-

. (36)

(37)

(38) J
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Illustration of the Tkachenko modes

Left panel: theoretical computation, right panel - JILA experiment on BEC
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.- p.26/29



T T T | T
5 — Cos 06=0
——= Cos§=10"°
— = Cos0=10"
> 0
=z,
[a®
oo L
2
Y
_4—6

log k [cm_l]

\_Wave-mode dependence of the Tkachenko modes J
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a)/QT

Tkachenko modes as a function of lift-to-drag ratio

|
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Conclusion:

-

The glitches and post-glitch relaxations can be explained in the
strong- and weak-coupling limits. This degeneracy does not allow to
pin down the value of the mutual friction coefficient.

Precession lifts this degeneracy. It could be observed only in the
weak-coupling limit. However, many microscopic theories of mutual
friction predict strong coupling in the interiors of neutron stars.

It is unclear why precession is so rare. Interpretation of observation
PSR 1828-11 leaves the question why precession is not observed in
other systems (mind the timing noise).

The Tkachenko modes are an interesting alternative for explanation

of the quasiperiodic oscillations seen in the timing of pulsars. Much
work remains with respect to the understanding of survival of these
modes in a complex environment of neutron stars (damping,
non-linearities, stratification, etc) J
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