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Superconductor at low temperature
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• Meissner effect: excludes mag field,

London penetration depth λ

• Coherence length ξ; define κ = λ/ξ.

• κ > 1√
2
: type-II, flux tubes repel;

flux tube lattice

• κ < 1√
2
, type-I, flux tubes attract;

macroscopic normal region

We calculated flux tube energetics, i.e. behavior at lower critical field.

What if the superconducting condensate is coupled to a superfluid?

E.g. protons and neutrons in nuclear matter.
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Ginzburg-Landau theory for superconductor

coupled to superfluid

φp and φn are proton and neutron pair condensates.
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Alpar, Langer, Sauls, Astrophys. J. 282, 533 (1984); Comer and Joynt, gr-qc/0212083.

σ is gradient coupling, app, ann, and apn are density couplings
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Flux tube solution with n flux quanta

φp = 〈φp〉 f(r)einθ

φn = 〈φn〉 g(r)

A = n~c
2er

a(r)θ̂

λ ≡
√

2mpc2

4π(2e)2〈φp〉2

ξ ≡
√

~2

4mpapp〈φp〉2

κ = λ/ξ,

Rescale to r̃ = r/ξ, set ann = app, β = apn/app

En = 2πapp〈φp〉4ξ2

∫ ∞

0

r̃dr̃

{

(f ′)2 +
n2f2(1 − a)2

r̃
+

〈φn〉2
〈φp〉2

(g′)2

+n2 κ 2 (a′)2

r̃2
+

1

2

(

f2 − 1
)2

+
1

2

〈φn〉4
〈φp〉4

(

g2 − 1
)2

+ β
〈φn〉2
〈φp〉2

(

f2 − 1
) (

g2 − 1
)

− 2 σ
〈φn〉
〈φp〉

f · g · f ′ · g′
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See how En depends on κ, β, σ.
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Flux tube energetics and type-I/II transition

Favored flux tube “size” n is the one with minimum energy/flux En/n.

We are effectively calculating U(∞) and U(0) in the flux tube

interaction potential U(d).

12E

E2

d
U(d)

For two n = 1 flux tubes,

E2 = U(0) ⇒ E2/2 = 1
2U(0)

2E1 = U(∞) ⇒ E1/1 = 1
2U(∞)

If the potential U(d) is monotonic,

then knowing U(∞) and U(0) we can

tell if they attract or repel.

Type-I: flux tubes attract, so En/n falls with n (e.g. 1
2E2 < E1)

Type-II: flux tubes repel, so En/n rises with n (e.g. 1
2E2 > E1)
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Flux tube profiles with nonzero density coupling β = 0.5

κ = 3.0, σ = 0, 〈φn〉
2/〈φp〉

2
= 20 as in neutron star.
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Deviation δρ of the condensates from their vacuum values.

β > 0 proton condensate repels neutron condensate

β < 0 proton condensate attracts neutron condensate

Expect core-area contribution to energy, ∼ −β2n
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Flux tube profiles with nonzero gradient coupling σ = 0.5

κ = 3.0, β = 0, 〈φn〉
2/〈φp〉

2
= 20 as in neutron star.
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Deviation δρ of the condensates from their vacuum values.

σ > 0 positive proton gradient favors positive neutron gradient

σ < 0 positive proton gradient favors negative neutron gradient

Expect core-perimeter contribution to energy, ∼ −σ2
√

n
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Effect of density coupling on type-I/II boundary
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• critical κ shifts upwards, κcritical ∼ 1/
√

2 + β2

• on the type-II side there is a sequence of “type-II(n)” bands in

which the number of flux quanta in the favored flux tube steps

through all integer values, reaching infinity when the

superconductor becomes type-I.
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Effect of gradient coupling on type-I/II boundary
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• critical κ shifts downwards

• Spinodal (metastable) regions appear: the type-I/type-II

boundary becomes a typical 1st order phase transition
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Understanding the uncoupled case
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Expand in 1
n

and δκ ≡ κ − 1√
2
.

E
(sc)
n (δκ) = nEBog

+ δκM
(

n − c 1

2

√
n + c1 + · · ·

)

core-area term ∝ n,

core-perimeter term ∝ √
n.

E
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n

n
= EBog + Mδκ

− c 1

2

Mδκ 1√
n

+ c1Mδκ 1
n

+ · · ·

M and c 1

2

must be positive:

δκ < 0 type-I n = ∞ is favored and stable

δκ > 0 type-II n = 1 is favored and stable
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Understanding the density-coupled case
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Density coupling to neutrons (β=0.5, σ=0)
En(κ, β) = E(sc)(κ)

+Mβ

(

−n + b 1

2

√
n + b1 + · · ·

)

core-area term ∝ n. 2nd order pert

⇒ Mβ ∝ β2 is positive

core-perimeter term ∝ √
n

b 1

2

is positive (gradient costs)

En

n
= EBog +(Mδκ−Mβ)+

Mβb 1

2

− δκMc 1

2√
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+
Mβb1 + δκMc1

n
+ · · ·

Type-I/II transition at δκcrit(β) =
Mβ b 1

2

Mc 1

2

∝ β2 (shifts upwards)

If 1/n term positive then for δκ > δκcrit there is a min in En/n.
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Density-coupled phase diagram
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En

n
= const − δκ − δκcrit√

n
+

const

n
+ · · ·

So as δκ drops towards δκcrit, there is a minimum in En/n at

1√
nmin

∝ δκ − δκcrit, ⇒ nmin ∝ (δκ − δκcrit)
−2 for δκ > δκcrit
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Future direction 1: dependence on 〈φn〉/〈φp〉

So far we assumed 〈φn〉2/〈φp〉2 ∼ 20, as in neutron stars. Vary it:
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As 〈φn〉/〈φp〉 → 0, κcrit → 1√
2
. But,

• not at all monotonic

• With density coupling, no type-II(n) if 〈φn〉/〈φp〉 . 1

• for β > 0 (repulsion) the 〈φn〉 → 0 limit is singular!
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Future direction 2: type-II(n) or type-II∗?

*

12E

E2

d
U(d)

d

Cylindrical geometry: we only calcu-

late E1, E2, etc, i.e. U(0) and U(∞).

So far: assumed U(d) monotonic; get

type II(n) phases.

But U(d) could be much weirder.

Guess: U(d) could have a global minimum at d = d∗. Instead of

type-II(n) phases we have a type-II∗ phase, where inter-flux-tube

distance is fixed by the microscopic physics not the magnetic field.

Expect mixed phase of flux lattice domains and normal domains.

Need numerical calculations of flux tubes on a lattice (Gleiser, Thorarinson,

Walker, in progress). Early results indicate there is a global minimum!
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Future directions: summary

• Understand dependence on 〈φn〉/〈φp〉.

• Go beyond the cylindrical geometry.

• Vary ann/app.

• Other generalizations of the single-cmpt superconductor.

– SO(5) model (Mackenzie, Vachon, Wichowski, hep-th/0301188)

– two charged fields (Babaev and Speight, cond-mat/0411681)

– Higher-order terms in GL for single cmpt superconductor?

• Could any regions of a neutron star be near the type-I/type-II

transition? Gaps vary rapidly with density.

• Could experimentalists custom-build a superfluid superconductor

in the lab, and measure its properties?
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